ON THE BRAUER GROUP OF THE PRODUCT OF A TORUS 
AND A SEMISIMPLE ALGEBRAIC GROUP 



STEFAN GILLE AND NIKITA SEMENOV 



Abstract. Let T be a torus (not assumed to be split) over a field F, and de- 
note by n Hj t (X, Gm) the subgroup of elements of exponent dividing n in the 
cohomological Braucr group of a scheme X over the field F. We provide con- 
ditions on X and n for which the pull-back homomorphism n Hj? t (T, G m ) — > 
„Hj t (X X p T, Gm) is an isomorphism. We apply this to compute the Brauer 
group of some reductive groups and of non singular afhnc quadrics. 

Apart from this, we investigate the p-torsion of the Azumaya algebra de- 
fined Brauer group of a regular affine scheme over a field F of characteris- 
tic p > 0. 



0. Introduction 

Let G be a simply connected group over an algebraically closed field F of charac- 
teristic zero. Magid |19j has shown that the pull-back homomorphism 

p* T : Br(T) — > Br(G x F T) 

along the projection px '■ G x p T — > T is an isomorphism for all F-tovi T . Here 
and in the following we denote by Br(X) the Brauer group of equivalence classes 
of Azumaya algebras over a scheme X, and by „Br(X) the subgroup of elements 
whose exponent divides the integer n > 2. 

Magid's proof uses the Lefschetz principle to reduce to the case that F is the 
field of complex numbers, and then Grothcndieck's deep comparison result for etale 
and singular cohomology with finite coefficients, which finally reduces everything 
to computations of singular cohomology groups. 

In the present article we give a purely algebraic proof of Magid's result and 
generalize it to groups over arbitrary fields (see Corollary 13.81 below) . We also 
generalize the main theorem of [12] which asserts that the natural homomorphism 
„Br(.F) — > „Br(G) is an isomorphism for any semisimple algebraic group G over a 
field F if char F does not divide n and n is coprime to the order of the fundamental 
group of G. 

Actually, we prove a more general result, see Theorem ETUI Let H^(X,G m ) be 
the cohomological Brauer group of the scheme X, and denote by n H et (X, G m ) the 
subgroup of elements whose order divides n. We give conditions under which for a 
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regular and integral scheme X of finite type over a field F the natural homomor- 
phisms 

n Br(F) — > n R 2 et (X, G m ) and „Br(T) — ► n H* t (T x X, G m ) , 

where T is a form of a torus, are isomorphisms. (Recall that by a result of 
Hoobler [Tl] the natural homomorphism Br(X) — > H^ t (X, G m ) defined in the 
work |13j by Grothendieck is an isomorphism for all smooth schemes X over a 
field.) 

As an application we get from Theorem l2.10l some computations of Brauer groups 
of reductive groups and affine quadrics. For instance if chari* 1 = we show in 
Corollarv l3.15l that if H is a reductive group, such that the derived group G = [H, H] 
is adjoint, then „Br(ff) ~ „Br(Rad(7?)) for all integers n > 2 which are coprime 
to the order of the fundamental group of G. (Here Rad(ii) stands for the radical 
of H and [H,H] denotes the commutator subgroup of H .) 

Theorem 12.101 also implies that if X is a non singular affine quadric of Krull 
dimension > 3 over a field F of characteristic ^ 2 then the pull-back of the structure 
morphism 

„Br(F) — ► „Br(X) 

is an isomorphism for all integers n which are not divisible by chari 7 . In particular 
we have an isomorphism Br(F) Br(X) for such affine quadrics over a field F of 
characteristic zero. 

In the last section we investigate the p-torsion of the Brauer group, where p is 
the characteristic of the base field. We show that if X is the spectrum of a regular 
geometrically integral algebra of finite type and of Krull dimension > 2 over a 
field F of characteristic p > then the cokernel of the pull-back Br(F) — > Br(X) 
contains a non empty p-torsion and p-divisible (hence infinite) abelian group. In 
particular if G is a linear algebraic group of Krull dimension > 2 over a field F of 
characteristic p > then the pull-back Bi(F) — > Br(G) is never surjective. 

This gives an explanation that our computational results for the n-torsion sub- 
group of the Brauer group of certain affine schemes over a field F are only true 
if chari* 1 does not divide n. 

Note that this is an "affine" result. For a geometrically integral smooth affine 
variety X of dimension > 2 over a field F of positive characteristic the natural mor- 
phism Br(_F) — > Br(X) is never surjective, but there are a examples of geometri- 
cally integral smooth and projective varieties Y over F, such that Br( F) — > Br(Y) 
is surjective (and hence an isomorphism if Y has an F-rational point). For instance, 
Merkurjev and Tignol [5TJ Thm. B] have shown that for a twisted flag variety Y 
for a semisimple algebraic group G over an arbitrary field F the homomorphism 
Br(F) — > Br(F) is surjective. 
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1. Preliminaries on the Brauer group 

1.1. Notation. Let F be a field with separable closure F s . We denote by Tp = 
G&\(F S /F) the absolute Galois group of F. If A is an .F-scheme we set A s := 
F s x F X. 

By H l (F, — ) we denote the Galois cohomology of the field F. 

We denote by R x the multiplicative group of units of a commutative ring R. 

Let X be an F-scheme. Then wc denote by F[X] its ring of regular functions, 
and in case X is integral by F(X) its function field. 

For a prime number p we denote by Z(p°°) the infinite abelian group Z[^]/Z. 
This is a p-divisible and p-torsion group and any p-divisible and p-torsion group is 
a direct sum of copies of Z(p°°), see e.g. [16]. 

1.2. Brauer groups. Let R be a commutative ring (with 1) and X = Speci?. The 
Brauer group Br(i?) of the commutative ring R (also denoted Br(A)) has been 
introduced by Auslander and Goldman [2]. It classifies Azumaya algebras over R 
and generalizes the classical Brauer group of a field. 

If A is an R- Azumaya algebra we denote by [A] the class of A in Br(i?). 

There is also a cohomological Brauer group of R, the second etale cohomology 
group R 2 ct {X,G m ). By Grothendieck [13 we have a natural homomorphism 

j x : Br(A) — ► H c 2 t (A,G m ). 

If X = Spec R is smooth over a field F, then jx is an isomorphism as shown by 
Hoobler [33]. In this case we identify Br (A) with H 2 t (A,G m ). (There is a more 
general identification result due to Gabber but we do not need this.) 

We denote the subgroup of elements of order dividing n in Br(A) by „Br(X), 
and similar we denote by „H ot (A, G m ) the subgroup of elements of order n in the 
cohomological Brauer group of X. 

If char F does not divide n we have an exact sequence of etale sheaves 

f/U n > >■ G m G m , (1) 

i.e. ifi n is (by definition) the kernel of G m ^> G m . It follows from the associated 
long exact cohomology sequence that the homomorphism 

H 2 ct (X, mn ) — ► „H c 2 t (X,G m ) 

is an isomorphism if Pic X is n-divisible (e.g. if Pic A" is trivial). 

1.3. The Hochs child- Serre spectral sequence. This spectral sequence is a useful tool 
to compute Brauer groups. Let X' — > A be a Galois cover with (finite) group n. 
Then, see [35] Chap. Ill, Thm. 2.20], there is a convergent spectral sequence 

E™ := H^(n,H? t (A',G m )) H^(A,G m ), 

where H l (il, — ) denotes the group cohomology of n. 
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If X is a finite type F-scheme we get from this spectral sequence for finite Galois 
covers by a limit argument, see [221 Rem. 2.21], the following spectral sequence 

:= H*(F,H*(X.,G m )) =► H*+«(X,G m ), (2) 

where (as in 1 1 . lj) we have set X s — F s Xf X and H l (F, — ) denotes Galois coho- 
mology of the field F. 

For later use we recall that if Pic X s = and X is a smooth and affine F-scheme 
we get from this spectral sequence an exact sequence 

— > H 2 (F, F s [X s ] x ) — ► H 2 t (X, G m ) — > H 2 t (X s , G m ) rF — ► H 3 (F, F s [X,] x ) , 

where is the absolute Galois group of the field F. 

1.4. A class of examples of "cyclic" Azumaya algebras. Let R be an integral domain 
and x, y S i? x . Let further n > 2 be an integer and assume that R contains — and 
a primitive n-th root of unity £. 

We define an associative F-algebra A — A^ (x, y) as follows: The i?-algebra A is 
generated by elements a and j3 which are subject to the following relations: 

a n = x , j3 n = y , and x ■ y = £(y • x) . 

If m is a maximal ideal of the ring R, then by Milnor [23l Chap. 15] we know that 
R/xa<S>iiA^(x, y) is a central simple i?/m-algebra and so A^(x, y) is an R- Azumaya 
algebra. 

Assume now that R is a regular integral domain. Let K be its quotient field. 
Then the natural morphism Br(i?) — > Br(K) is injective as proven by Auslander 
and Goldman |2, Thm. 7.2]. Since the class of Af(x,y)® n = K ® R Af{x,y)® n is 
trivial in Br(F), see [221 Expl. 15.3] we see that for regular integral domains R the 
classes of the algebras A?(x,y) lie in n Br(R). 

We will also use the notation A^{x,y) for A?(x,y), where X = Speci?. 

1.5. The norm residue homomorphism. Let n > 2 be an integer and F a field whose 
characteristic does not divide n. We denote by Kf 1 (F) the i-th Milnor if -group 
of F. 

As usual we denote "pure" symbols in Kf I (F) by {ci, . . . , Ci}, where Cj 6 F x . 

By Hilbert 90 we get from the long exact cohomology sequence associated with 
the short exact sequence |T]) an isomorphism 

Rf >n : F x /F><" H 1 (F , fi n ) , {x} ^ (x) . 

Taking the cup product this map induces the so called norm residue homomorphism 

Rln ■ Kf(F)/n-K 2 M (F) — ► R 2 (F,/jf 2 ) , {x,y} +n-K 2 M (F) (x) U (y) , 

which is by the Merkurjev-Suslin Theorem |20) an isomorphism. 

1.6. Example. Assume that F contains a primitive n-th root of unity £. Then 
we have isomorphisms 

n Br(F) H 2 (F,^„) ^> H 2 (_F, /i® 2 ) . 

The isomorphism is induced by the T^-module isomorphism [i n ^> fi n ®% fj, n , 
t] i — > r\ ® and so depends on the choice of the primitive n-th root of unity £. 
One can show, see e.g. [TTJ Prop. 4.7.1], that the composition of these isomorphisms 
maps the class of the algebra Af(x,y) to (x) U (y). 
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1.7. If the base field F contains a primitive n-th root of unity £ we have also the 
isomorphism of etale sheaves /fi n ^> ipi n lfi n ■ It induces an isomorphisms 

rf : H c 2 t (X,^„) H 2 t (X,^ 2 ) 
for all F-schcmes X, which depends on the choice of the n-th root of unity £. 

2. On the Brauer group of the product of a torus with certain 
regular and integral schemes 

2.1. Cycle complexes. Let F be a field, and 

E .— > M*(F) = 0M f (B) 1 

where £ D F is a field extension, a cycle module over the field F in the sense 

of Rost [35]. For instance, Milnor F-theory E h-> K* f (F) or Milnor if-theory 
modulo n 

E —> Kf (E)/n • Kf (F) := Kf (F)/n • Kf (F) 

i>0 

for some integer n > 2 are examples of cycle modules. For brevity we denote the 
later cycle module by Kf /n. 

If X is an integral scheme of finite type over F (or more general an excellent 
scheme) Rost [26] has constructed following Kato's construction [17] for Milnor 
FT-theory a complex C'(X, Mi): 

M,(F(X))^~ Mj-^x))-^*. M,_ 2 (F(x)) 

for all integers where X^ denotes the set of points of codimension i in X, F(x) the 
residue field of x G X, and the differentials d l x are induced by the second residue 
maps. We consider C'(X 1 Mi) as a cohomological complex with M;_i(F(a;)) 

in degree i, and denote the cohomology group in degree i by H l (X, Mi). 

We will make use of the fact proven by Rost [26, Prop. 8.6] that these groups are 
homotopy invariant, i.e. the pull-back p* : H l (X,Mi) — > IP(X Xp A F ,Mi) along 
the projection p : X Xp A F — > X is an isomorphism for all i > 0. 

2.2. The Kf /n-unramified cohomology of a split torus. Let n > 2 be an integer 
and T = Spec F[tf 1 , . . . , t J 1 ] a split torus of rank d > 1. It follows from homotopy 
invariance and the localization sequence that 

H°(T,Kf/n) ~ <£(Kf (F)/n-Kf (F)) 

®f x /f" -{ti}) f Z/Zn-fMi}) , (3) 

where qr'- T — > SpecF is the structure morphism, and F x /F xn ■ {ti] denotes 
subgroup of Kf (F(T))/n ■ Kf (F(T)) generated by all {a,i,} with a G F x . 
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2.3. A commutative diagram. Let X be a regular and integral F-scheme of finite 
type and n > 2 be an integer which is not divisible by charF. We set for brevity 
kf (E) := Kf I (E)/n ■ Kf f (E) for all field extensions E D F. 

We have then a commutative diagram, see Bloch [3, Thm. 2.3], 

kf(ir(X)) k^s)) Z/Zn (4) 

leJfC) x6A"( 2 > 

H 2 (F(X),^ 2 )— - H 1 (F(a;),/i„) — — >■ © Z/Zn 

where the lower row comes from the Bloch-Ogus resolution [3]. By the Merkurjev- 
Suslin Theorem, see 11.51 we know that R^ ^\ which maps a symbol {x, y} to the 
product (x) U (y), is an isomorphism. Hence all vertical maps in this diagram are 
isomorphisms. 

Consequently, the norm residue homomorphism induces an isomorphism be- 
tween the kernel of d° x : kf (F(X)) — > ® kf (F(x)) and the kernel of S° x : 

R 2 (F(X),^)^ H 1 (F(x),fj, n ). 

By the same diagram and ^ we know that the kernel of 5^, is equal to the direct 
sum 

^(H 2 (F,^ 2 )) (0(FV^ xri )U(t 4 )) ( Z/Zn-CtOUfe) 

\i=l / \l<i<i<d 

where (F x /F x ™ ) U ) means the subgroup of H 2 (F(T), /j,® 2 ) generated by all cup 
products (a) U (ti), a <E F x , and qr '■ T — > SpecF is the structure morphism. 

2.4. The unramified K^ 1 /n-cohomology of the product of a split torus with certain 
regular schemes. We fix a field F and an integer n > 2. We assume first that 
the field F contains a primitive n-th root of unity £, and that the torus T is split, 
say T = SpecF [if 1 , . . . ,t± x ], where d = rankF > 1, or that T is the "trivial" 
torus Spec F. 

Let further X be a regular and integral F-scheme of finite type with structure 
morphism qx ■ X — > SpecF. We make the following assumptions on X: 

(H) The natural homomorphism : Kf (F)/n • Kf (F) — > B°(X,Kf/n) is 
an isomorphism for i = 1,2. 

2.5. Lemma. Under these assumptions the pull-back homomorphism 

p* T : H°(T,Kf/n) — ► H°(X x f T,Kf /n) 

along the projection p^: X x F T — > T is an isomorphism for i = 1,2. Hence by 
the commutative diagram also the pull-back homomorphism 

p* T : Ker<5y — > Kex6 XXpT . 

is an isomorphism. 
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Proof. We prove this by induction on the rank of T. The rank zero case, i.e. 



T = Spec F, is assumption (H). So let d = rkT > 1 and S := Spec F[tf 



±1 



,t 



±i 



Then we get from the localization sequences for the open embeddings t : T S\t d ] 
and idx xl: Xx F T^Xx F S[td] a commutative diagram whose rows are exact 



R°(S[t d },Kf/n)^- 

(psM)* 



B°{Xx F S[t d ],Kf /n) K > 



(id x xi)' 



■H°(T,Kf /n) 



H^S.K^/n) 



Pt 



IT (A x F T,Kf /n) 



H°(X XfS.K.^/n), 



where ps : Jxj? S — ^ 5 is the projection. As indicated the left horizontal arrows 6* 
and (i&x xl)* are injective and both connecting homomorphisms d F and dxxT 
are surjective. In fact these are split surjections. The splitting is induced by 
multiplication with the symbol of length one {td}- 

The right hand vertical arrow p* s is an isomorphism for i = 1 since X and X XpS 
are irreducible and so H°(5,K* f /n) = R°(X x F S,Kjf /n) = Z/Zn, and for i = 2 
by induction. The left hand vertical arrow (ps[td\)* is an isomorphism by induction 
and homotopy invariance, and so it follows by the snake lemma that also the vertical 
arrow p T in the middle of the diagram is an isomorphism. We are done. □ 

We use this to describe „Br(T) and „H 2 t (X x F T, G m ). 

2.6. The Brauer group of a split torus T. Let T and F be as above. Since PicT = 
as T is a split torus we know (cf. II. 2[) that „Br(T) = H et (T,^B„), and so by 
Auslander and Goldman 2, Thm. 7.2] the pull-back homomorphism 



4 : H^T,^ 



H e 2 t (F(T), F „)=H 2 (^(T),^ 



is injective, where it : Spec F(T) — > T denotes the generic point. By the very defi- 
nition of the Bloch-Ogus complex the image of l* t : H 2 ct (T, f/u® 2 ) — ► H 2 (F(T), //i® 2 ) 
lies in the kernel of <5 T . Hence we have a commutative diagram where all vertical 
arrows are monomorphisms 



H c 2 t (F,^ n ) 



It 



Hc t (T, lfL r , 



K 2 (F(T),p n ) 



F(T) 



-h 2 M 2 ) 

It 

H* t (« 2 ) 



(5) 



Ker<5 T 




Therefore 



^H 2 (i^(T),^ 2 ). 

Keri5 T is injective. We claim that it is also 



surjective 

let x, % 

is in n Br(X) — H 2 t (X, ifi n ), see 11.41 By Example ll.6l we have 



In fact, let x, y be units in F[T] x then the class of the Azumaya algebra Aj(x, y) 



f T \S T ([Aj(x,y)}) = (x)U(y). 
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Since as seen above Ker 6^ is the direct sum of q^(U 2 (F,fif 2 )) and the subgroup 
generated by all (a) U (ti) and (ti) U (tj) with a 6 F x and 1 < i, j < d we get 
therefore from diagram §5§ our claim. 

We have proven the following theorem which is due to Magid [19] if F is an 
algebraically closed field of characteristic 0, see also P. Gille and A. Pianzola [THl 
Sect. 4] for another proof in this case. 

2.7. Theorem. Let n > 2 be an integer, T = Spec-Fft^ 1 , . . . , i^ 1 ] be a split torus 
of rank d > 1 over a field F which contains a primitive n-th root of unity £. Then 
n Br(T) is isomorphic to 

d 

n Br(F)® %/Zn-[Aj(a,U)} 

i—l a£f x 

if d = 1 and to 

d 

n Br(F)®B(T) © J2 Z/%n-[Aj(a,ti)} © Z/'En-[Aj{t i ,t j )] 

i=l aGFx l<i<i<rf 

if d = 2. In particular, if F x — F xn we have a natural isomorphism „Br(_F) ^> 
n Br(T) if the rank of T is 1, and an isomorphism 

„Br(T) ~ „Br(F) © Z/Zn ■ [Agfatj)] 

l<i<j<d 

if the rank ofTisd>2. 

2.8. Let (as above) n > 2 be an integer and F a field which contains a primitive 
n-th root of unity. Let further T be a split torus or equal Spec F and X a regular 
and integral F-scheme of finite type which satisfies the condition (H) in 12.41 and 
also 

(nd) PicX is n-divisible. 

We set Y — X x p T and denote pr ■ Y — > T the projection (which is the struc- 
ture morphism if T = SpecF). Then as VicX is n-divisible it follows by homo- 
topy invariance and localization sequence that also Pic Y is n-divisible. Therefore 
H et (Y,ifi n ) = n H et (F, G m ) and so by Grothendieck [T3l Chap. II, Cor. 1.8], see 
also [221 Chap. Ill, Expl. 2.22], we know that the pull-back i* Y : Hg t (F,#t„) — > 
H 2 (F(Y"), fi n ) along the generic point iy : SpecF(F) — > Y is a monomorphism. 



Wc have now the following commutative diagram 
H 2 t (T, tfin) 1 H 2 (T, 



I't 



H 2 (F(T),^ r . 



h 2 (y, ifi 




Ker ig, 



)>T 



Ker <5° 



R 2 (F(Y),f, 



The vertical arrow on the right hand side p* T : Ker Sj, — > Ker S Y is an isomorphism 
by the lemma l2~5l above, and we have shown in 12.61 that also is an isomorphism. 
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Hence since i Y : H et (F, ifi n ) — > H 2 (F(Y), fi n ) is injective we get from this diagram 
that also p* T : H 2 t (T, ffi„) — > H et (F, /fi n ) is an isomorphism. 

We have proven: 

2.9. Theorem. Let n be an integer > 2, F a field which contains a primitive 
n-th root of unity and T either a split torus or equal SpecF. Let further X be 
a regular and integral F -scheme, such that (i) V\cX is n-divisible, and (ii) the 
natural homomorphism Kf t (F)/n ■ K* f (i ? ) — > H°(X, Kf f /n) is an isomorphism 
for i = 1,2. Then the pull-back homomorphism 

V* T : „Br(T) — > n R 2 ct (X x F T,G m ) 

where pt : X Xp T — > T is the projection, is an isomorphisms. 

Note that if Br(F) — > H^ t (X,G m ) is injective (e.g. if X(F) ^ 0) and the 
natural homomorphism n Br(.F) = H 2 (F,fi n ) — > H 2 t (X,ipi n ) is an isomorphism 
then it follows from the long exact cohomology sequence for the exact sequence ([I]) 
that Pic X is n-divisible. Hence in this case condition (nd) is a necessary condition. 

We consider now the case that the torus T is not split. Here we show the following 
generalization. 

2.10. Theorem. Let F be a field and n > 2 an integer which is not divisible 
by char F. Let further X be a regular and geometrically integral F -scheme of finite 
type, andT a F -scheme, such that either T s is isomorphic as F s -scheme to a torus, 
or T is the "trivial" torus Spec-F. We assume that 

(i) PicX s = ; 

(ii) H°(X s ,Kf/n) = for i = 1, 2, and 
(hi) F S [X S }* =F S ><. 

Then the natural homomorphism 

p T : „Br(T) — > n R 2 et (X xpT, G m ) 
along the projection pp '■ X x p T — > T is an isomorphism. 

Proof. We show first that „Br(_F) — > n Br(X) is an isomorphism. If F is separably 
closed this is proven in 12.81 above. In the general case we get since V\cX s = from 
the Hochschild-Serre spectral sequence, see ll.3| an exact sequence 

^ H 2 (F, F S [X S ] x ) ^ R 2 et (X, G m ) ^ Hlt(X s , <G m ) rF , 

where Tf is the absolute Galois group of F. By case of a separably closed base field 
we know that n H et (X s ,G m ) = 0, and by our assumption (hi) we have -F^Xs] x = 
F s x , and so H 2 (F, F s [X s ] x ) = Br(F). Hence we get fr om the exact sequence above 
the claimed isomorphism n Br(F) ^> „H 2 t (X, G m ). 

Assume now that T is not the "trivial" torus. Then if F — F s is separably closed 
this is the assertion of the theorem in !2.8l In the general case, we know by homotopy 
invariance and the localization sequence that PicT s = and Pic(X Xf T) s = 0. 



10 



STEFAN GILLE AND NIKITA SEMENOV 



Hence we get from the Hochschild-Serre spectral sequence, see 11.31 a commutative 
diagram whose rows are exact 

H 2 (F,F S [T S ] X ) > — 9- Br(T) & - ^ Br(T s ) r * H 3 (F, F s [T s ] * ) 



Pt, 



Pt 



Pt, 



Pt, 



H 2 (F, F s [Y s ] >< ) >^U~ H c 2 t (r, G m ) -1* H e 2 t (r s , G m ) r - — — H 3 (F, F s [Y s ] * ) , 

where we have set Y — X x F T and p F : X x F T — > T and p F , ■ X s x Fg T s — > 
T a are the respective projections. In particular, the arrows a and a' on the left 
hand side are injective. As indicated the utmost left and right vertical arrows are 
isomorphisms, since by Rosenlicht [25l Thms. 1 and 2], see also [3 Lem. 10], we know 
that the morphism px s induces an isomorphism F S [T S ] X ^> F S [Y S ] X . By the split 
case pl^ : Br(F s ) — > H ot (Y" s ,G m ) induces an isomorphism between the subgroups 
of elements of order dividing n. This implies by a straightforward diagram chase 
that p* T : „Br(F) — > „H 2 t (F, G m ) is injective. 

To show that this map is also surjective, let x' £ rl H 2 t (Y,G m ). Then by the 
split case there is y G „Br(T s ) rF , such that p T (y) = P'(x'). We have Pt{i{v)) = 
i'{Pt(v)) — l'W( x ')) = and so there exists az£ Br(T), such that f3(z) = y. 

It follows then that f3'(x' — p^(z)) — and so we get x' = p T {z + a(w)) for 
some w G B 2 (F,F S [T S } X ). Since as observed above p* T : „Br(T) — > n H 2 t (F, G m ) 
is a monomorphism the assumption n ■ x' = implies also n ■ (z + a(w)) — and 
so the homomorphism p* T : „Br(T) — > „H 2 t (Y", G m ) is also surjective, hence an 
isomorphism. □ 

2.11. Corollary. Let n and F be as above, and Z a regular and integral F -scheme 
which contains an open F-subscheme X of finite type which satisfies conditions (i)- 
(iii) in the theorem above, and let T be a F -scheme, such that either T s is isomorphic 
to a torus as F s -scheme, or T — SpecF. Then n Br(T) — > „H ot (Z x F T, G m ) is 
an isomorphism. 

Proof. Since Z and so also Z x F T are regular and integral schemes the natu- 
ral homomorphisms „H 2 t (Z, G m ) — > „H 2 t (JT, G m ) and „H 2 t (Z x F T, G m ) — > 
„H 2 t (X x F T, G m ) are injective by Grothendieck |T3l Chap. II, Cor. 1.8]. □ 

2.12. Remark. If charF = p > and X is a regular afhne and geometri- 
cally integral F-scheme of dimension > 2 then the cokernel of the homomorphism 
~Bt(F) — > Br(JT) contains a non empty p-torsion and p-divisible subgroup, and so 
is in particular an infinite abelian group, see our Theorem 14. 71 

2.13. A geometric criterion. We give here a geometric condition which implies (H) 
in l2.4l To formulate it we introduce the following notation. Let E be a field and 
the affine line over E. We denote for i = 0, 1 by s, : Spec E — > A F the points 
and 1, respectively. 

Let F be a field and X a regular and integral F-scheme of finite type. Let lx ■ 
Spec F(X) — > X be the generic point and qx ■ X — > SpecF the structure 
morphism. Assume that there is an F-rational point x : SpecF — > X, and there 
are F-morphisms hj : A^^^ — > X, j = 1,...,/, such that (a) hi o s factors 
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through x, (b) hj o si = hj+i o so for j = 1, . . . , / — 1, and (c) hi o si — ix- Then 

t& : M fe (F) — > H°(X,M fe ) 
is an isomorphism for all A; S Z and all cycle modules M* over F. 

In fact, let Qa 1 f(x) '■ ^f(x) — ^ SpecF(X) be the structure morphism. Then by 
homotopy invariance the pull-back q* kl : M k (F(X)) — > H°(AL m ,M fc ) is an 
isomorphism. Since 9a^ (x) ° s i = ids pC c_F(A) for i — 0,1 we have Sq = q^i = s*. 
Therefore (hj o sq)* — (hj o si)* for all j = 1, . . . , I, and so it follows from (b) that 

(hxoso)* = (hio Sl )* : M k (F(X)) — ► H°(X,M k ). 

But by (c) we have hi o s\ — lx and so by the very definition of the pull-back 
homomorphism on cycle complexes (hi o si)* and hence also (h\ o s )* is mjec- 
tive. This implies by (a) that x* : H (X, M&) — > Mfe(F) is injective and so 
q* x : M k (F) — > H (X, Mfe) an isomorphism since qx ° x = ids P ccF- 

3. Applications: Brauer groups of affine quadrics and some 
reductive algebraic groups 

3.1. The Brauer group of an affine quadric. We assume here that F is a field of 
characteristic ^ 2. As above n is an integer which is not divisible by chari* 1 . 

Let 

m 

q = 22 a i x i > a i £ F x , m > 4 , 

be a regular quadratic form over the field F. Denote by X q <-} P™ the corresponding 
projective quadric, and by X q>a s_ C X q the open affine subscheme defined by xq ^ 0. 
This is (isomorphic to) a non singular affine quadric in A™ given by the equation 

m 

oq + ^2 ajx'j — 0, and so in particular a smooth and geometrically integral affine 

3=1 

scheme. We want to apply Theorem 12.101 to compute the Brauer group of this F- 

scheme, i.e. we have to verify conditions (i)-(iii) there. Since this are assumptions 

on F s Xp X gia ff we can assume for ease of notation that F = F s is separably closed. 

Then q is a split quadratic form and so we can assume that q = a^x® + x\ ■ x-i + 
m 

^2 Q'jx'j- The variety X q ^ is then isomorphic to the affine quadric in A™ given 

3=3 

m 

by the equation oq + x\ ■ X2 + a i x i = 0- 

3=3 

Consider the open subscheme x\ ^ of X q ^g. It is isomorphic to the spectrum 
of F[xf 1 , X3, . . . , x m ] and so every unit of this open subscheme is equal a ■ x\ for 
some a G F x and some r € Z. Since xi is not a unit in i^JX^aff] we see that 
^[X 9 . a ff'] x = -F 1X , hence (iii). To show (ii), i.e. PicXq.aff = 0, we recall that 
CH m -i(X q ) ~ PicX g is generated by the class of the hyperplane section xo = 0. 
Therefore by the localization sequence we have PicX g , a ff ~ CH m _i(X 9ja ff) = 0. 

Finally we have to check (ii), i.e. H 2 (Xj. a ff, Kf' 1 /n) = for i — 1,2. For this we 
note first that the closed subscheme in X q defined by xq — is isomorphic to the 
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projective quadric X q > ^ P™~\ where q' = x\ ■ x 2 + a i x 1- Hence we have an 

exact sequence of complexes 

C'(X q/ ,Kfi 1 /n)[-l}> *C'(X q ,Kf/ n ) ^ C*(X,, aff ,Kf /n) , (6) 

for all i > 1, where we denote for a complex K' by K'\— 1] the shifted by — 1 
complex: (K'[—l]y = K 3 ~ x . 

To analyze the associated cohomology sequence for i = 1 and 2 we recall that for 
a projective quadric Q of (Krull-)dimension > 1 over the separably closed field F 
we have H°(Q,Kf /Z) = for all j > 1 and / > 1. In fact, the motive of Q is 

dim X q 

isomorphic to a direct sum of Tate motives (J) Z(fc)® rfc , where the integers Tk 

k=0 

are 1, except if dimX q is even and k = d ™ Xq , in which case it is 2. Hence we have 
H°(Q,Kf/0 = Kf(F)/l-Kf(F) 

for all j , and the group Kf (F)/l- Kf (F) is zero if I > 1 since F is separably closed. 

Hence we get from the long exact cohomology sequence associated with ([6|) a 
exact sequence 

H°(X g>a ff , Kf/n) -2- H°(A' 9 /,K^ 1 /n) 

H 1 (X, , Kf /n) H 1 (X 9 , aff , Kf /n) 

for alH > 1. Since as observed above H°(X q i, Kf /n) = we get form this exact 
sequence immediately B°(X qiaS , Kf /n) = 0. 

To show that also H°(X g!aff , Kf /n) = we note that H l (Y, Kf /n) ~ Z/Zn ® z 
CH l (y) for a smooth and integral F-scheme y and so by what we have shown 
above this exact sequence of cohomology groups gives a short exact sequence 

>■ E°(X q , aS , Kf jn) Z/Zn ^ Z/Zn ^ , 

which in turn implies that H (X gja £j,Kf jn) is trivial. 

This proves by Theorem 12. 101 and its corollary the following result. 
3.2. Theorem. Let F be a field of characteristic ^ 2, and X q P™ be the 

TCI 

•projective quadric defined by the equation q = Y] aixf with m > 4 and G F x for 

i=o 

all i = 0, 1, . . . m. Let further X q & s be the open affine quadric defined by xq =/= 
and n > 2 an integer which is not divisible by the characteristic of F. Then the 
natural homomorphisms 

„Br(F) — > „Br(X 9 , aff ) and n Br(F) — ► „H* t p:„G m ) 

are isomorphisms, and if X q ^g(F) ^ afao i/ie pull-back homomorphisms 

n Br(T) — > „Br(X, iaff Xp T) and „Br(T) — > n H^(X (? ,G m ) 

along the respective projections to T are isomorphisms for any F -scheme T , such 
that T s is isomorphic as F s -scheme to a torus. 
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3.3. Remark. Mcrkurjev and Tignol [2lJ Thm. B] have shown that for any pro- 
jective homogeneous variety X for a semisimple algebraic group over a field F the 
natural homomorphism Br(_F) — > H et (Jf, (G m ) is surjective, and moreover they 
have given a description of the kernel. In particular they proved, see |21[ Cor. 2], 
that for a projective quadric X q over a field F as above Br(F) ~ Hl t (X q , G m ). 

3.4. Simply connected algebraic groups. Let G be a simply connected algebraic 
group over the field F. We assume that char_F does not divide an integer n > 2. 
Then we have 

H°(G s ,Kf/n) = Kf(F s )/n.Kf (F s ) =0 

for i = 1,2, and also PicG s = 0, see e.g. [T^l Thm. 1.5] for a proof. Moreover by 
Rosenlicht we know that F s [G s ] x = F* , and so we conclude from Theorem l2.10l 
and its corollary the following. 

3.5. Corollary. Let G be an algebraic variety (not necessarily an algebraic group) 
over a field F such that the variety G s is isomorphic to a simply connected algebraic 
group over F s , and n > 2 an integer which is not divisible by the characteristic of F. 
Then the pull-back homomorphism 

p* T : „Br(T) — ► „Br(G XpT) 

along the projection pp : G Xp T — > T is an isomorphism in the following cases: 

(i) T = Spec F and so pr is the structure morphism G — > Spec F ; or 

(ii) the F -scheme T is a form of a torus, i.e. F s XpT is isomorphic as F s - 
scheme to a torus over F S7 and G(F) ^= 0. 

In particular, if char F — we have an isomorphism 

p* T : Br(T) Br(G x F T) 

for such G and T . 

Moreover, if G is a smooth compactification of G, then the natural pull-back 
homomorphism n Tir(F) — > nHg t (G, G m ) is an isomorphism. 

3.6. Remark. The first case T = SpecF was proven by Iversen [TS] using topo- 
logical methods if F is an algebraically closed field of characteristic 0, and by the 
first author in [12] for arbitrary fields. 

3.7. Product of a torus with an arbitrary semisimple algebraic group. Let (as 
above) F be a field and n > 2 an integer which is not divisible by char F. 

Let G be an arbitrary connected semisimple algebraic group over F and T an 
_F-scheme, such that T s is isomorphic to a torus over F s . Let 7r : G sc — > G be the 
simply connected cover, see Tits Prop. 2]. We denote by ITg the fundamental 
group of G, i.e. more precisely the fundamental group of F s x p G. We assume that 
char F does not divide the order of 11^. Then the induced morphism F s Xp G sc — > 
F s x p G is a Galois cover with group Tic- In particular, the function field extension 
F S (G SC ) 2 Fs(G) is a Galois extension of degree \Hg\- Since F s Xp G is connected 
this implies that F(G SC ) is a separable extension of F(G) of degree \Hg\- 

The same applies to the morphism ir x idp : G sc XpT — > G XpT. In particular, 
there exists a corestriction (or also called transfer) homomorphism 

cor F(GscXFT)mGxFT) : n Br(F(G sc XpT)) — > n Bv(F(G x F T)) . 
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By the projection formula the composition 

cor F(G sc x F T)/F(Gx F T) ° res F(G sc x F T)/F(Gx F T) 

is equal to the multiplication by [F(G SC x p T) : F(G x f T)] = |n G | and so if 
the cardinality \Tlc\ °f the fundamental group of G is coprime to n we get that 
the restriction homomorphism ybs,f(g bc x F T) / f{Gx F T) is injective on the subgroup 
of elements of exponent dividing n. 

We assume now that the integer n is coprime to |IIg| and consider the commu- 
tative diagram 

„Br(^(G sc x, T)) - rCSF(GscXfT>/F<GXfr) n Br(F(G x F T)) (7) 

„Br(G sc x F T) ^ i^rY „Br(G x F T) 

Br(T) , 

where i and t sc are the respective generic points, and p sc and pp denote the pro- 
jection G sc XpT — > T and G XpT — > T, respectively 

Since both G XpT and G sc Xp T are smooth we know that i* c and I* are both 
injective by Auslander and Goldman [2l Thm. 7.2], and so by the commutative 
diagram above we conclude that (n x idp)* : n Br(G x F T) — ► n Br(G sc x F T) 
is injective, too. Since as shown above, see Corollary 13.51 the homomorphism p* c 
is an isomorphism this implies by a diagram chase on ([7]) that p* T : n Br(T) — > 
„Br(G x p T) is surjective and so also an isomorphism. We have proven: 

3.8. Corollary. Let F be a field and n > 2 an integer which is not divisible by 
char_F. Let further G be a connected semisimple algebraic group over a field F 
and T an F -scheme, such that T s is isomorphic to a torus over F s . Assume that n 
is coprime to the order of the fundamental group YIq of G. If moreover char F does 
not divide | ITc | then the pull-back homomorphism 

p* T : „Br(T) — > n Br(G xpT) 

along the projection pp\ G XpT — > T is an isomorphism. 

3.9. An example. Let F be a field and GLd(F) the general linear group over F 
of rank d. As an F-variety (not as an algebraic group!) the general linear group 
GLd(F) is isomorphic to SLd(F) Xp GLi(F). Since the special linear group is 
simply connected we get from 13.41 an isomorphism 

„Br(GL rf (^)) ~ MF^t- 1 ]) 

for all n € N which are not divisible by char F. 

3.10. Brauer groups of reductive groups over a separably closed field. Let F be a 
separably closed field whose characteristic does not divide the integer n > 2, and H 
a reductive group over F. Then by [HI Lem. 8] there exists a (split) torus T «-> H, 
such that we have an isomorphism 




H ~ GxpT 



(8) 
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as F-schemes, where G is the commutator subgroup [H, H]. Let us recall the proof 
of decomposition ([H} . Let Ti be a maximal torus of G = [H, H) . It is contained 
in a maximal torus S of H, and since F is separably closed we have S = T\ x F T 
for some torus T C S. The centralizer of T\ in G is equal to T\ and so we have 
T(F s )nG(F s ) = {e}, hence the morphism of F-schemes G x p T — > H, (g,t) M> g-t 
is an isomorphism. (Note that if H is semisimple, i.e. H = [H, H], then the torus T 
in (Jg]) is the "trivial" torus SpecF.) 

If char F does not divide the order of the fundamental group n G of G and the 
integer n is coprime to this order, we conclude from this isomorphism of F-schemes 
and Corollary 13.51 that „Br(F) ~ „Br(T). If the integer n is not coprime to |n G | 
we use the strategy of Magid [HI Thm. 9] who has computed the Brauer group 
of a reductive group over an algebraically closed field of characteristic zero. The 
same approach gives also some results for fields of positive characteristic, and fields 
which are not separably closed. 

3.11. Some remarks about Brauer groups of reductive groups over an arbitrary 
field. Let F be a field (not assumed to be separably closed) and H a reductive 
group over F. Let G = [H, H] and assume the following: 

(i) There is an isomorphism of F-schemes 

H ~ G x F T, 

where T is a split F-torus, and 

(ii) the fundamental group Hq of the semisimple algebraic group G = [H, H] 
is constant, i.e. defined over the base field, and charF does not divide the 
order of Hq- Hence the simply connected cover it : G sc — > G is a Galois 
cover with group G. 

We have then a commutative diagram 

„Br(G sc x F T) < „Br(G x F T) 

Br(T) 

where p sc : G sc Xp T — > T and pt ■ G Xp T — > T are the respective projections. 
Since as remarked above p* c : „Br(T) — > n Br(G sc Xp T) is an isomorphism, and 
since pp is a split monomorphism, we get from this diagram an isomorphism 

>iBr(G x F T) ~ „Br(T) © Ker ( n Br(G x F T) ( " XidT) * > „Br(G sc x F T)). 

By our assumptions it x idp : G sc Xf T — > G x p T is a Galois cover with 
group IIg. Hence, see ll.3[ we have a convergent spectral sequence 

F|' 9 := H p (n G ,H« t (G sc x F T,G m )) => R p c + q (G x F T, G m ) , 

where H 1 (Hg, — ) denotes the group cohomology of the finite group He- The 
associated five term exacts sequence reads as follows: 

Pic(Gx F T) — > Pic(G sc x F T) nc — »■ H 2 (n G , F[G SC x F T] x ) — > 

Ker(Br(Gx F T) ( " X ' C ' t) ' > Br(G sc x F T)) — ► H x (n G , Pic(G sc x F T)) . 
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(This is the Chase-Harrison-Rosenberg [6] exact sequence for the Galois extension 
G sc x F T — y G x F T, see also Chap. IV].) 

We have Pic G sc — 0, see e.g. [T2J Thm. 1.5], and so by localization and homotopy 
invariance also Pic(G sc x F T) = as T is a split torus by our assumptions. Therefore 
we get from this exact sequence an isomorphism 

n Br(G x F T) ~ n Br(T) © n H 2 (n G , F[G SC x F T] x ) , 

where n rP(n G , — ) denotes the subgroup of H l (II G , — ) of elements of order divid- 
ing n. 

By Rosenlicht [25J we have F[G SC x F T] x = F x x f , where f = Hom(T, G m ) is 
the group of characters of T. The group n G operates trivially on T, and therefore 
there is an isomorphism 

n R 2 (n G ,F[G sc x F T] x ) ~ „H 2 (n G ,F x ) © „H 2 (n G ,Z)® d , 

where d is the rank of the torus T . Since II G is a finite group operating trivially 
on Z we have H 1 (n G , Z) = and so by the long exact cohomology sequence for the 
short exact sequence Z Z — > Z/Zro we get „H 2 (n G ,Z) ~ H 1 (n G ,Z/Zn). 

We arrive finally at the following result, which is due to Magid [TH] Thm. 9] if 
the field F is algebraically closed of characteristic zero. 

3.12. Theorem. Let F be a field and H a (connected) reductive F- group. Assume 
that char F neither divides n nor the order of the the fundamental group II G of the 
semisimple F -group G = [H, H] . Assume further that 

(i) there is an isomorphism of F -schemes H ~ G x F T , where T is a split 
F-torus of rank d, and 

(ii) the simply connected cover tt : G sc — > G is a Galois cover with group n G . 
Then we have an isomorphism 

n Br(H) ~ „Br(T) © n R 2 (U G: F x ) © U 1 (U G ,Z/Zn)® d . 

3.13. Remark. Assumptions (i) and (ii) are automatically satisfied if the field F 
is separably closed. 

3.14. Let again H be a connected reductive linear algebraic group over a field F, 
which is not assumed to be separably closed. Let further (as above) n be an integer 
which is coprime to the characteristic of F. We denote by F an algebraic closure 
of F. 

By [5J §2] the derived group as well as the radical of H are defined over F and 
we have 

H(F) = [H,H](F)-Rad(H)(F), 

where [H, H] and Rad(i?) denote the F-subgroup schemes of H which represent 
the commutator subgroup and the radical of H, respectively. 

Moreover, the radical is a torus and the intersection of the F-points of [H, H] 
and Rad(-ff) is a finite group. Since this intersection is in the center of H the 
group H is isomorphic to [H, H] x pRad(H) if [H, H] is of adjoint type. We conclude 
from Corollary 13. 81 
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3.15. Corollary. Let H be a connected reductive group over a field F, such 
that [H, H] is of adjoint type. Assume that the characteristic of F does not di- 
vide the order of the fundamental group of the commutator subgroup of H . Then 

„Br(Rad(ff)) ~ „Br(F) 

for all integers n which are not divisible by char F and coprime to the order of the 
fundamental group of the commutator subgroup [H, H] . 

4. The Brauer group of geometrically integral and regular rings 
of finite type over a field of positive characteristic 

4.1. The Brauer group of polynomial rings over fields of positive characteristic. We 
start with the following result due to Auslander and Goldman [2] if d = 1 , and due 
to Knus, Ojanguren and Saltman [18] if d > 2. 

4.2. Proposition. Let F be a field of characteristic p > 0. Then if d > 2, or 
if d > 1 and F is not perfect, the natural split monomorphism 

Br(F) — > Br(F[Ti,...,iy) 

is not surjective. 

Proof. If F is not perfect we know by Knus, Ojanguren and Saltman 18, Thm. 5.5] 
that Br(F[Ti]) ~ Br(F) © Z(p°°)W for some infinite set /, see also Auslander and 
Goldman [1 Thm. 7.5]. Since Br(F[T 1 }) is a direct summand of Br(F [T 1; . . . ,T d ]) 
the claim follows. 

Assume now that F is perfect and d > 2. If F is moreover finite then this 
result has been proven by Knus, Ojanguren, and Saltman in |18[ Proof of Thm. 
5.7]. The same argument works for any perfect field. In fact, since F is per- 
fect we have (F[T{ , . . . , T/]) p = F[T U . . . , T d ], and so by [18, Cor. 3.10] the 
subgroup pBv(F\Ti, . . . ,T d ]) is isomorphic to the kernel of the natural homomor- 

phism Br(F[Ti, . . . ,T d ]) — > Br(F[Tf , . . . , tJ]). This kernel contains the kernel 

of Br(F[Ti, . . . ,T d ]) — > Br(F [T u . . . , T ra _i, TJ]) which in turn contains a sub- 
group isomorphic to the quotient group F[Ti, . . . , T d _{\j (F[Ti, . . . , T d ^i]) p by [T5J 
Prop. 5.3]. The latter group is not trivial since by assumption n > 2, and so also 
p Br(F[Ti,...,T d ])^0. 

On the other hand, by a result of Albert 1, p. 109] any central simple F-algebra 
of exponent p is Brauer equivalent to a cyclic algebra and so trivial in Br(i 7 ') since F 
is perfect. Therefore we have p Br(F) = 0. We are done. □ 

4.3. Our aim is now to show that if F is not perfect, or if n > 2, then the cokernel of 
the pull-back homomorphism Br(F) — > Br(F[Ti, . . . ,T d ]) is not empty, p-torsion, 
and p-divisible for all fields F of characteristic p > 0. We prove first the following 
general lemma; see also Orzech and Small |24[ Proof of Cor. 8.8]. 

4.4. Lemma. Let R be a regular integral domain of characteristic p > and I > 
an integer which is not divisible by p. Then the pull-back 

n* R : ; Br(i?) — > iBt(R[T]) 
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along the inclusion ttr : R — > R[T] is an isomorphism. In particular, if F is a 
field of characteristic p and p does not divide I then the pull-back 

lBv(F) — ► iBr(F[Ti, . . . ,T d ]) 

is an isomorphism. 

Proof. We denote for a ring S by as the zero section S[T] — > S, T 4 0. This is a 
left inverse of the inclusion its : S — > S[T], i.e. as ° 7Tg = idg. 
We have a commutative diagram 

,BrOR[T]) ,Br(iQ 

lB r(K[T]) tBviK) , 

where K is the quotient field of R and the vertical arrows are induced by the 
inclusions R K and R[T] ^ K[T]. 

By a result of Grothendieck, see e.g. [12] Lem. 4.4], the pull-back homomor- 
phism -k* k : iBr(K) — > ;Br(i^[T]) is an isomorphism since (by assumption) p = 
char if does not divide I. Hence a* K = (7r^) -1 : iBr(K[T]) — > iBi(K) is also an 
isomorphism. Since R is a regular integral domain we know from Auslander and 
Goldman [3J Thm. 7.2] that Br(i?) — > Br(K) is injective and so above commu- 
tative diagram shows that a* R : i~Bt(R[T]) — > iBr(R) is a monomorphism. This 
implies the lemma since a* R o k* r is equal to the identity of ;Br(i?). □ 

We are in position to prove the following (slight) generalization of Knus, Ojan- 
guren, and Saltman [181 Thm. 5.7]. 

4.5. Theorem. Let F be a field of characteristic p > and d > 1 an integer. 
Then we have 

By(F[Ti, . . . , T d ]) ~ Br(F) © Z(p~)^ , 
where the set I is non empty if (and only if) F is not perfect or d > 2. 

Proof. We show first that Coker ^Br(F) — > Br(F[T x , . . . ,T d ])j is p-torsion. Let 

for this x G Br(.F[7i, ... , Td]). Since the Brauer group of a commutative ring 
is torsion, see e.g. |MJ Chap. 12], there exists d > 2, such that d ■ x = 0. Write 
d = p rn ■ d' with d! an integer coprime to p and m > 0. Then d' ■ (p rn ■ x) = and 
so p m -x has exponent d' . Since p does not divide d! it follows from the lemma above 
that p rn ■ x is in the image of natural homomorphism Br(F) — > Bt(F[T 1 , . . . , T£\). 

But Bi(F[Ti, . . . , Td]) is p-divisible by p~8l Cor. 4.4] and so is also the quotient 
Br(F[Ti, . . . , Td])/ Br(F). Therefore by the structure theorem for divisible abelian 
groups, see (TBI Thm. 4], it is isomorphic to Z(p°°)W for some set I. By Theorem l4.ll 
this set is not empty if d > 1 and F is not perfect, or if d > 2. We are done. □ 

4.6. Let F be a field of characteristic p > and R a regular i^-algebra of finite 
type. We assume that R is geometrically integral and has Krull dimension d > 1. 
Then, see e.g. O Cor. 16.18], there are T x , , . . ,Td S R, such that 

(i) R is finite over the (polynomial) ring D :— F[T\, . . . , Td], and 

(ii) the quotient field K of R is a separable extension of E :— F(Ti, . . . , Td). 
(In other words, T\, . . . ,Td G i? are a separating transcendence basis of K over F '.) 
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We set now Br(S) := Coker ( Br(F) — > Br(5) J for an .F-algebra S. With this 
notation we have a commutative diagram where all morphisms are induced by the 
ring inclusions except for c K / E which is induced by the corestriction 

Br(.R)-^Br(ir) (9) 



K/E CK/E 



r R/D 

Bl(D)^^Bl(E) . 

Since R and D are regular integral domains the pull-back maps Br(i?) — !• Br(K) 
and Br(D) — > Br(E) are monomorphisms by Auslander and Goldman 2, Thm. 
7.2] and so also lr and ld are both injective. 

Assume now that dimi? > 1 and F is not perfect, or that dimi? > 2. Then by 
Theorem 14.51 we have 

Br(£>) - Bi(F[Ti, . . . ,T„]) ~ Z(p°°)« 

for some non empty set i. Since K D E is a finite separable extension we know 
that ck/e ° t k/e is equal to the multiplication by m = [K : E]. Therefore by the 
commutative diagram ([9]) we have 

(cK/EOL R )[r R/D {Wv{D))} = m-L D {Wv{D)) ~ Z(p°°)^ 

for some non empty set / since Z(p°°) is divisible. Hence Br(i?) is not trivial. 
We have shown the following theorem. 

4.7. Theorem. Let F be a field of characteristic p > 0. If R is a regular and 
geometrically integral F-algebra of dimension > 1 if F is non perfect, respectively 
of dimension > 2 if F is perfect, then the natural homomorphism 

Br(F) — > Br(i?) 

is not surjective. 

4.8. Examples. Let F be a field of characteristic p > 0. 

(i) Let G be a (connected) simply connected semisimple linear algebraic group 
over F. Since G{F) ^ we have Br(G) ~ Br(T) © M. for some sub- 
group M which is not trivial by Theorem 14.71 above and p-divisible by jTSJ 
Cor. 4.4]. In [T^] it has been shown that the pull-back homomorphism 
n Bi(F) — > „Br(G) is an isomorphism for all n 6 N which are not divisible 
by p = char F and so, cf. the proof of Theorem 14.51 the subgroup M is also 
p-torsion. Hence we have 

Br(G) ~ Bi(F) © 1{p°°)^ 

for some non empty set /. 

(ii) We assume here that p ^ 2. Let X g a ff be a non singular affine quadric 
over F as inO We assume that X q ^ s (F) ^ 0. Then by Theorem [3T2l 
the canonical homomorphism n Bv{F) — > nBr(X 9 . a ff) is an isomorphism 
for all n G N not divisible by char_F. Therefore by the same arguments 
as in part (i) above we have Br(X 9ja fi) ~ Br(F) © Z(p°°)^ for some non 
empty set /. 
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4.9. Remark. Theorem 14.71 is wrong for non affme schemes. For instance, a 
projective homogeneous variety X for a semisimple algebraic group over a field F 
(e.g. a projective quadric) is smooth and geometrically integral, but as shown by 
Merkurjev and Tignol [21, Thm. B] the natural map Br(F) — ► H^ t (X,G m ) is 
surjcctive even if char F > 0. 
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